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I, INTRODUCTION

Let ,1 = lxd'i~o be a partltlOn of la, b I, a = Xo< ,., < x, = b, The length
of the interval Ix;,x;+I] is h;=xi+I-Xi (i=O" .. ,N I), the mesh size of
the partition is 11,1/1 = max; h; and the mesh ratio of the partition is y(,1) =
II ,1 Ii/min; hi' A partition ,1 is uniform if its mesh ratio 1'(,1) = I. A family of
partitions is regular if there exists a strictly positive constant I' such that
1'(,1) >}' for each partition ,1 in the family,

A quadratic spline s is a function sEC I Ia, b I such that s restricted to

Ix;, Xi + 1 I is a polynomial of degree ~2, It is a periodic quadratic spline if
slll(a) = Sl'l(b) (the condition s(a) = s(b) is not used here).

Throughout this paper we will use the following notations. If g: [a. b [ --> R
is a given function, we will write g; = g(x;), Xii 12 =;' (Xi + Xi + I )/2 and
gif 1,2 =g(Xi+ \/2)' For a positive integer N we will note Z\ the set
{O. I,... , N - I ~ and Z~ (resp. ZZ> the set of even (resp, odd) numbers in Z\.

In this paper we define a periodic quadratic spline from its nodal values
s iU = 0" .. , N). In Section 2, we recall an existence and uniqueness result and
we give an explicit representation for the moments s; 1) (i = 0..... N). In
Section 3, if s is the periodic quadratic spline interpolant of jE Cia. b I, we
obtain error bounds of the form I[jl/) - sU) 11,-, :::--- 0([1,1 [Ik j 1-1) (0 ~ I ~ k + L
o~ k ~ 2) which are valid only when the partition ,1 is uniform.
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TABLE I

Summary of the Convergence Results: if s, - O(!U

/E Cia. blJ'li E BVla. hi Theorem 4

(i)/EAC~'la.hl. EBVla.hl· uniform j rheorem 5 (k I)

(iij/EAC;'la.hj. regular j Theorem 7

/EACi~" la.hl. E BV[a.bl. uniform il Theorem 5 (k 2 )

Table I gives a summary of our main results. In this table. and throughout
this paper. we use the following notations:

AC k ' 1.(lla. b I

\
I

(a)!lkfIIEL'lla.bl
= lIE Ckla, bl

, (bl!!ki(s)=pkl(r)+.IJlk 11(~)d~,l;Ir,sEla,bl'

where I ( q ( 00 and k ) 0, and

BVla,bj = U: la,bl->R I Var(f) < oof,

where Var(f) is the total variation of! on la, b I. Moreover.

These results are extensions, to the periodic case, of those obtained by J.
W. Daniel 121 and C. de Boor Ill. Finally, other quadratic spline inter
polation approa~hes have been proposed before. for instance, see Kammerer
el al. [51, M. J. Marsden 171, S. Demko 131- E. Neuman 191 and Sharma and
Tzimbalario 110 I·

2. EXISTENCE OF PERIODIC QUADRATIC SPLINES

As previously defined. on each interval Ixi • Xi, 11 a periodic quadratic
spline C2.n be written

Consequently

S(X)=Si+(X
(\' \')2

Xi)sjll -+ ":-T- (S;I)I

I

"III,
o i ).

(i = 0..... N .. I ). (I)
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and this leads us to the following result (see also Meinardus and Taylor 181
and Krinzesza [6 I).

THEOREM I. Let L1 = {xdi' 0 be a partition of la, bl. A periodic
quadratic spline is uniquely determined by its nodal values lsdi 0 if and only
if N is odd. In this case

S(I) I -1 I -I I (Sl - so)/ho0

S(II I I -I I -I (S2 - s,)/h,1

siLl -I I I --I I (Sl - sJ/h 2 (2)

s(l) -I -I (s, - s, _1)/h,s-- L

If N is even, the spline does not exist or is not uniquely determined.

Proof If we use the assumption of periodicity S61
) = S~l I. the matrix form

of (I) is AS(') = b. where

A~ [: ] ['::" ] [ (', -'"J!h" 1s(1) = and b=2
0 S~l~ 1 (s,-s, 1)/h,.

Then det A = I + (-I )' + 1 and the result follows.

3. DERIVATION OF ERROR BOUNDS

Q.E.D.

Given a function I Ia. b I -> R and a partition L1 = 1x; ii 0' N odd. of the
interval Ia, b I, we consider the periodic quadratic spline interpolant s of f
such that sex;) = f(x;). By definition, the remainder function or error is
e(x) = f(x) - s(x). In this section, we derive uniform bounds for the
remainder function. Thus we extend the results of J. W. Daniel [21 and C. de
Boor II I to the periodic quadratic spline interpolation.

3.1. PreliMinary Results

The study of the remainder function e rests on the behaviour of ei ll

(i = 0,.... N).

PROPOSITION 2. Let k = 0, I or 2 andfE ACk
t l.fl a, bl. If there exists

a constant C k and a real number a such that

(3 )
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for all i E Z,y, then there exist constants Ck/ which depend only on C k and
!If ik + I) , such that for almost all x E lXi' Xi I I I

for all 1= 0,.... k +] end i E Z\ (when k = 2 and 1= 3 H'e rather havc

II elJlt = !1.t JI ] ).

Proof A direct adaptation of Stoer and Bulirsch's IIII Theorem 2.4.3.3
(sec Dubeau and Savoie 14, Proposition 3.1 /). Q.E.D.

We try now to obtain bounds of the form (3). A first stcp in this way is

PROPOSITION 3. Let k=O, lor 2 andfEACk.I·'[a,blnCla,bl.

Then there exists a constant Ck ' independent of the partition. such that

!
eI11+elll I<C hkllj'lk.III'

I 'I + I -.....:.::: II. ( ! I I

for all i E Z\. Moreover, Co = 4, C I = 1/2 and C, = ]/6.

Proof From (I) we always have

and Co = 4. If k = ], through integration by parts, we obtain

2 ..\] I

elll+elil =-1 (f--\' )j""(f)d"
I I' I h ". I I, "c.,

i ·x/

and C I = 1/2. If k = 2, through integration by parts agains, we obtain

(4)

h. ,']. I I ",. I

e)I)+e)~II=-t.l.x'i f(1)(¢)d~-70J" (~~xi,,,)'p11(~)d~ (5)

and C 2 = 1/6. Q.E.D.

In view of (4), it remains to find good bounds for the quantities
!e~ II - e) 1t'1! (i E Z~,), and we now consider this problem.

3.2. Uniform Convergence

THEOREM 4. Let fE Clla,bl and
le)11 - e)~)I!:S;:. 2 Var(flll) for all i E Z~. (b)
independent of the partition, such that

pIIEBVla,bl. (a) Then

Then there exist constants C"

for f = °and I.

(6)
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Proof If fE ella, b J, we deduce from (2)

eI11-e(I)= Iflll-f(1)1 +2 ,\,1 (_1);/;1 I-f;
I () I () :-- h.'

I I I

81

(7)

Similar expressions can be obtained for ej ~\ - e; II for all i E Z~, and for
simplicity we consider only i = 0. But Ji+ 1-Jj = hJIII(r;), where
Ti E (Xi' Xi. I)' Then (7) becomes

e\ll- ei/ I = If\11 - filill + 2 '\ ' 1/11 1([;. I) - flll([;)1
iEZ~-

and the first part is proved. The second part follows from the first and
Propositions 2 and 3. Q.E.D.

The last theorem indicates that the remainder function is uniformly

bounded and 111'- sll" -> °as 11.111-> 0. The following example shows that we
cannot improve (6) without any supplementary hypothesis.

EXAMPLE. Consider f(x) = sin J[X, x E 10, II, and .1 a uniform partition
of 10, II· The symmetry implies sri ll = °= S~II. ButPI)(O) = J[ =_flll(I), so
Ie~11 I i = J[ = Ie\1 I I and (6) cannot be imporved (see Table II note the effect on
eLl.

The next example shows that the estimate (6) can fail if the hypothesis of
Theorem 4 is not satisfied, furthermore, we can improve it with stronger
hypothesis.

EXAMPLE. Consider f(x) = (I + X){)·I - (I - X)O.I, x E I-I + c. I - c I.
When I: = 0, the hypothesis of Theorem 4 is not satisfied and we: do not

TABLE II

/(x),,-sinnx.xE 10, 11

I
Ilell; ,ul Ile'liN 11,1,1=N'

--_ ...._----,-'._- --- -_.. ,"-- ----

17 0.05882 0.4634t:-l 3.1594
35 0.03030 0.2382t:-1 3.1463
65 0.01538 0.1209E- I 3.1428

129 0.00775 0.60891:'-2 3.14] 9
257 0.00389 0.3056£-2 3.1417
513 0.00195 0.1531£-2 3.1416

[025 0.00098 0.7662£-3 3.1417

,c' li ll; are estimations of Ile'lill, and are computed according to lIeulll; ~
maxi e'li(l'ijll\Yi' = Xi -~ j (hi/IO),.i = 0, ... , 9, and i E £'.,1.
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observe (6) (see Table III, K=O. E=O). When 1:=0.1, we have
jEC£I-0.9,0.9[. j(l)(-0.9)=j(I)(0.9) and we observe a great
improvement of (6) (see Table III. K = 0, [; = 0.1).

3.3. The Uniform Case

In this section we consider only uniform partitions. Hence Theorem 4 can
be extended in the following way.

THEOREM 5. Let k= lor 2,jEACk
+

I ./la.bl,j(k.IIEBV!a,b[. and
,1 a uniform partition oj [a, b I. (a) Then there exists a constant Ck such that

le~l) - e~~)11 ~ Ij~l) - jilll! + Ck li ,1 k Var(flk! II)

jor all i E z~ (C, = 1/2 and C2 = 1/6). (b) Moreover, iffE AC~' I., la, b I.
then there exist constants Ckl ' independent of the partition. such that

lieil)ilJ ~Ck,II,1i!k'l '1lipktltt +Var(flkll')1 (8)

for all / = 0..... k + I.

Proof When k= lor 2 andfEAC k
' l./la.bl. we always have

so (7) becomes

elll - elll = If(11 -fllll- 2\ ,I ~I"'\! '(,I: )j'121(,I:) d Y (9),
I 0 ,\ 0 ~ h,.' , S - Xi f 12 S s·

f 1 1 ·\i

For a uniform partItIOn ,1, the changes of variables 11 =c 2(~ -- Xi. I 2)/h ,
(~E Ix}, X j I I I, j E Z\) yield to

11,111
1 l ( ,1ell) - elll = IPI) - 1'1111- --' I 11 \,', p 21

X ,+ '1--
- I 0\ • 0 2 _ I /EZ" - } t 3', 2

\

j .(2) (, ii L1 Ii ') Id
-,I.i+ 1/2 + 11-2-" '1·

The result follows for k = I. When k = 2, through integration by parts, (9)
becomes

\) • I l1- (~- X i + 12)2 jI(JI(~) d¢

(10)
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and, as before.

ell-e(I)=[f(I)-f(l)I-~I·1 (l-rI2) \' If())(X. ,,+I1J~)
I 0 ,\ 0 8 _.I +), ~ 'I 2

. -- I .iEZ~

- f()) (Xi + 1/2 + rl II~ II )1 dry (II)

and the proof of part (a) is completed. Part (b) is a direct consequence of (a)
and Propositions 2 and 3. Q.E.D.

The following examples show that the hypotheses of Theorem 5 are
essential.

EXAMPLE. Consider f(x)=(1 +xtto.I-(I-xr(\o.l, xE I-I +1:,
I -I: I. and K = I or 2. If I: > 0, thenfE C:[-I + D, I -I: I and we observe
(12) in which k = 2 (see Table III). If {; = °then fit: AC; + I. I-I, II and the
estimate (8) fails for k = K, but (8) is valid for k = K - I since
fE AC~·xl-1, II andjlK) E BVI-I, II (see Table III).

EXAMPLE. We will construct a function fEAC;,"·fIO.11 such that
jlk I I) it: B VI 0, I I and for which there exists a family of uniform partitions
leading to e\I)-eb l )::,::,O(IIL1ll k

-
I ).

Consider k = 2 (we essentially have the same situation when k == I). In
fact, we construct simultaneously f and an increasing family iL1" f ,; I of
uniform partitions. If {k" f". I is a strictly increasing sequence of positive
integers where k I = 0, we define the partition ,.1" = {i3- k" Ii = 0,.... 3k" f. For

each 11= I. 2..... let us definef())(x) for all xE (11,.1"'111.11,.1,,111 as follows:

1 (-1)1 I .• )XE(j3'kn.".U+I)3 k"'I.f( )(x) = If
. 11 j= I. .... 3k".1 k".

It remains to choose k,,(n ~ 2).
Assume k l , ... , kn fixed, hencef(]) is defined on the interval (11L1 n ll, II. It is

easy to show that fm is of bounded variation over (11L1 nll, I I, we will note
this variation Varn(f()'). Now let us use (II) with the partition L1 n+ I' Then

e\ll-ei/)= IIL1 n. 1 11
2

( (l- rI 2 )

8 . I

X rJ\,1 (-Ijj+'gj(rl)+ J\,I (-l)j'lg/ry)ldrl, (12)
II 1 i J J

where



TABLE III

/(x)= (I + x)' 11,1 - (I x)"" 0.
1

• X E: I- I ii. I

I
('{O) e lll I ~ IK /Ii L1 II -- ('

:\

0 0.1 17 0.10588 0.81 'I4E-3 0.728 I£: I

33 0.05455 0.1572/0' 3 0.2680l:· J

65 0.0276'1 0.2333/-;-4 0.8053F·2
12'1 0.013'15 0.3065E-5 0.2158E-2
257 0.00700 038441-.-6 0.5523E3

513 0.00351 0.4777E7 0.13'!2l:-J

1025 0.00176 0.5'1411-.-8 0.34'101:·4

0.0 17 0.11765 0.4'1455

33 0.06061 0.46281

65 0.03077 0.43248

12'1 0.01550 0.40383

257 0.00778 0.376'13

513 0.003'10 0.35176

1025 0.001'15 0.32823

0.1 17 06044E-4 0.53861:

33 0.'I'I02E--5 0.17341:

65 o 137'1E-5 0.48561: .\

12'1 o I 770E-6 0.1267E 3

257 02215l: 7 0.3218E-4

513 0.2760E-8 0.80'131:--5

1025 o3444E--'I 0.202'11-. 5

O. 17 0.121 II: 2 0.7217

33 0.58371:-3 0.6753

65 0276'11:-3 0.63/1

12'1 01303F3 0.58'13

257 0.61041---4 0.5500

513 028541---4 0.51.'3

1025 o 13.\.'h-4 0.4 7'10

2 0.1 17 0.1 787l:-4 0.16481:' 0.8'!28h I

33 0.25831:' 5 0.4687 E 0.4'1511:--1

65 o 3414F--6 0.12411:' 3 0.2615/0' I

12'1 OA.'43E 0.3 I78F-4 0.1344E I

257 0.54551:' 8 O.8025E " 06812h

~13 0.6826h 'I 0.2015/: 0.3430F

1025 0.8482h 10 0.5023/.·6 O. 17181:' -:

O. J 7 0.8300/:-4 07'1'1/: .. 1.'7556

33 0.2044E-4 O.3824l:. 1.(,3lJS

65 0.48'18/: 0.18061:"
, !.5 307

12'1 0.1158/: 0.8477 f . . , 14285
2:~ 7 0.27 I'll: 6 0.3'1661: .] 1..\320

1025 O.1487f. 7 0.8650/. 4 1.1604
----------

K4
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From the definitions ofj(3) and Var n U(3)), (13) becomes

So if k n + 1is large enough, we deduce

e(l) - e(l) >-IILl III +(2/nJ
J O? nfl'

85

Since we can do that for all n = 1,2,... , we definej(31 E L 10,11. It is easy
to show that j(3) tf B VI 0, 1 I, and if we integrate j(31 and add some
appropriate constants of integration, we obtain our desired function
jE AC~':>:IO, II.

3.4. The Regular Case

When the partition is not uniform, we generally cannot establish (8)
without a stronger hypothesis. However, without any assumption on the
partition L1 we can deduce from Proposition 3 this local result.

THEOREM 6. Let k = I or 2 andjE AC;+ l,cx'la, b I. Then there exists at
least one index i that possibly depends on the partition Ll and the junction f
such that

maxl1en,le:~II~~Ckllpk+l) h7,

min1Ie:J)I,le:~\lf~ ~k Ilj(k+11 h7.

where C k = 1/(k + 1). Moreover, there exist constants C kl independent oj the
partition Ll, such that jor almost all x E Ix;, x i +II

jor all I = 0,... , k + 1.

Proof Consider Zro.: = Z,~ U Z,y, where Z,~ = 1i E Z\,1 e: I) >°~ and
Zy = UE Z/Ii I e: I) <°f. Since N is odd, there exist at least two successive
indices, with respect to ZN' in Z,~ or in Zy. Then we deduce the first two
inequalities from (4) and the periodicity of e(l). These inequalities and
Proposition 2 complete the proof. Q.E.D.

There exists a large class of functions for which (8), with k = 1, remains
valid even for non-uniform partitions.
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THEOREM 7. LetfEAC~·lla,hl. (a) Then maxile;I'r. e;I,'llf~(!..1 )
1

1 !11 jelr all iE'Z,. (b) There exist consWlIls C/;·). that depend on the
mesh ratio I'. such that

jbr all 1== O. I or .2.

ii
!e C);'j q!, .j

Pr()(~l Equations (5) and (10). respectively. to e;I'+e;111
(h;/2)U' j 'J'il and le;I'"e;I,',!,c;;(i!,J'I/4)'jf,'I!!1 for all i('Z~. Hence (a)
follows. To prove the second part. consider

i /13'(T) dr d(

Then le"'(.r)1 ~ C' -+ I) ({' Ii I' Sincc there cxists sE: (x,. Xi I) such thaI
('III(¢)== O. we have ('III(X)= ,I) ('In(r) dr and 1(',II(X)I,c;; hit)' + I) If'" ,for
all xE!Xi.xilll. Finally. since ('i==O (/==0, .... /11), we obtain !('(x)1
((y + 1)/2) h; I'P') I' Q.E.D.

On the other hand, for the estimate (8) in which k cc, 2 the situation is
quite different. Indeed. for a given smooth function it is easy to construct a
regular family of partitions for which (8) fails.

EXAMPLE. Consider fix) c x'j3!.
I'II(x) = I and (10) becomes

,. E,C I. \ --- I. II· Thus IE C,: I I. II.

,,111_. "'IIi= __~, \' (h' he)c., c i ,'- i'
6 /u_~

For an arbitrary but fixed Ii, 0 < If < I. let us define the h i(/ E Z \) as

hi = II·dl! jf iE Z~ .

== If 1'1 if iE Z~.

so that 11..1 II II -+ (i\ 1)( I + fi)121 2. Then el\II" e\ I'
UIJI12/6)(/II-I)(I-/iL)/2. But :11'1i1(/II-l)/2->2/(I+/J) as /11--->00.

ensuring that el/ I -- ei li = 0(111'1 ). This. together with (4). shows that
e~)I) - ei n are only O(IILfII). A numerical example appears in Table IV with
fJ = 0.2.

The last result, deduced from the preceding example. shows that the class
of functions for which the estimate (8). with k = 2, fails is rather large.

THEOREM 8. Lei fE C~la. h I..fi'l E BVla, h I and f is nol a polynomial
of degree ~2. Then there exists a constant C such that for all }' > 1 we can
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TA8LE IV

lex) x'/3'.x'==1-1.11

\ ,1 eil!l ii .~ e11li
';

",e - I

1"7 0.1 RR6R 0.1075/-,2 0.25751. 10755
.. 0.0990 I 0.310610'·3 0.13361. L19S0
h5 0.05076 0.83711:·-4 0.6R IlL -2 126.\0

129 0.02571 0.21751.-4 0.34391. 2 1.29S2
1,,-: 0.01294 0.55421:--5 O.I72'1!F 2 I. 157

5 13 0.00049 0.1400E- 5 0.86591: 3 1 2-15
1()25 0.OCl325 0.351/:-6 0.4335E 3 1 289

87

choose a l1ol1-un(form partition of arbitrarily small mesh size I! .1 and of
mesh ratio )' for frhieh

'I A:' 11,1li' V- (fUI)! LJ II - -6-- ar.

Proo): From the hypothesis. we can find a non-empty interval :c. die
la. b I such that for all x E Ie. dl. P))(X)? (1If')) 12). Let us take N odd
and 11/111 = (b ~ a)/11 + (I + fJ)(N - I )/21. where 0 < fJ = II)' < 1. The knots
of the partition ..1 are then chosen as follows:

x()=a.

j-I
xi=x, +~2-(1 +fJ)!I..1I!, jE Z~.

Xi \ , = Xi + fJ 11.1 II

=x
i
+ (I +(3) !!..11!

2

.i E Z~.

If we note Z~ = U E Z~! Ixi • Xi "I c Ie. dl} and use the change of
variables 11= 2(¢ - Xi + I!Jlhi (¢ E Ixi • Xii , I • .i E Z,). then (10) becomes, for
the partition .1 defined below.

e ~\ 1\ ~ eiI) = II..1t ( (I - I] 2) ~ (fill (Xi' 1. 2+ ; hi. 1)
. I JET;

_P J
) (Xi + 1/2 + ; hi))dll
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+ (1 - fJ)ljLlII .1

8
(I - r/ 2

) \ ' (hi + hi I)
jE~

hence

(f ill ( • ,r/ h )
.X i ' .1 2 -r:2 ii,

~

If IILlII is small enough, we have LiEZ'!,(h i + hi I I)? (d·- c)/2 and the result
follows with C = (d - c)/24. Q.E.D.
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